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Abstract
This paper pursues a cohomological formulation for gravitation in which
gravity might be expressed in terms of a gravitational potential, much in the
spirit of electrodynamics. To this end we introduce a cochain complex con-
sisting of (n+ 2)-tensors, symmetric in two indices and skew-symmetric in the
remaining n indices. The cohomology of the complex is shown to be isomor-
phic to the Cˇech cohomology of an appropriately defined sheaf of functions.
Furthermore, it is demonstrated that in isotropic coordinates MP spacetimes
as well as the Schwarzschild black hole may be thusly represented, that is, by
means of the coboundary of a potential, as defined by the differential operator
of the complex.
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1 Introduction
The field strength in classical electrodynamics is given by a symmetric-free two-tensor
F = Fµν , defining an element in the second de Rham cohomology group. The motion
of a charged particle is then determined by
x¨µ = −kF µν x˙
ν (1)
for some constant k, with respect to a flat background structure. The associated
quantum field theory rests upon this cohomological foundation in that the dynamical
variables to be quantized are the electrodynamic potentials, whose coboundaries in
the de Rham complex give the field strength. This leads us to surmise whether a quan-
tum description of gravitation demands a similar representation for an appropriately
chosen cohomology theory defined, at least, for a significant class of spacetimes.
A free particle in a gravitational field follows a geodesic:
x¨µ = −Γµνλx˙
ν x˙λ
The form of these equations of motion suggests, by analogy to equation (1), the
interpretation of the connection as the gravitational field strength. We introduce a flat
metric η = diag(+1,−1,−1,−1) with respect to the coordinates xµ and define Γµνλ =
ηµτΓ
τ
νλ. The connection can be uniquely decomposed into a sum of a completely
symmetric part Γ(µνλ) and a symmetric-free part Fµνλ
Γµνλ = Γ(µνλ) + Fµνλ
This paper develops a cohomology theory for symmetric-free tensors of the form
Sµ1···µnν1ν2
which are skew-symmetric in the µ indices and symmetric in the ν indices. It is
shown that in isotropic coordinates, the symmetric-free part of the field strength of
Majumdar-Papapetrou (MP) spacetimes (cf. [4], [8], [9], [10]) is the coboundary of a
potential in the associated cochain complex. Since Γµνλ is not a tensorial object the
existence of such potentials is dependent upon the choice of coordinates considered;
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indeed, such a characterization of the connection will hold only in a very restricted
class of coordinate systems, if at all. Thus this formulation introduces a kind of gauge
fixation of the diffeomorphism invariance inherent in general relativity.
In the following section a cochain complex (K∗(M), dK) is defined for manifolds
M endowed with a flat connection (cf. [1], [2], [17]). The associated cohomology
groups HqK(ℜ
n) for Euclidean space is determined by application of the Poincare´
Lemma. The cohomology H∗K(M) for a general manifold M is then identified with
the Cˇech cohomology of the sheaf of local affine functions using spectral sequences
(cf. [3], [5], [6]). Section 3 defines a second cochain complex (G∗(M), dG) isomorphic
to (K∗(M), dK) which relates more directly to gravitation. In the final section, we
consider the MP class of spacetime solutions along with the Schwarzschild black hole
and show that they may be written in terms of a gravitational potential in the manner
described above.
2 Cohomology of the K∗(M) complex
In this section we define a cochain complex (K∗(M), dK), which will be intermediary
to the cohomology theory associated to gravitation, to be developed in the next
section. We begin with some basic definitions and conventions.
LetM be a manifold and∇ a flat connection onM . ∇ acts on a covariant n-tensor
C = Cµ1···µn on M by introducing an index to the left:
(∇C)µ1···µn+1dx
µ1 ⊗ · · · ⊗ dxµn+1 = dxµ1 ⊗∇ ∂
∂xµ1
(C)
This shall be expressed more conveniently in terms of indices by
(∇C)µ1···µn+1 = ∇µ1Cµ2···µn+1
Define skew-symmetrization s(C) by
s(C)µ1···µn = C[µ1···µn] =
1
n!
∑
σ∈Sn
sg(σ)Cµσ(1)···µσ(n)
where the sum ranges over all permutations σ on n letters, Sn. Thus, s(s(C)) = s(C).
Define d∇ by
(d∇C)µ1···µn+1 = ∇[µ1Cµ2···µn]µn+1
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Since ∇ is flat, d2∇ = 0.
Let Symn(M) denote the symmetric sections of T n,0M , the tensor product of n
copies of the cotangent bundle. The module Kn(M) over the ring of smooth functions
Ω0(M) on M is defined, for n ≥ 2, to be the submodule of
Ωn(M)⊗Ω0(M) Sym
1(M)
consisting of tensor fields Tµ1···µnν satisfying the condition
T[µ1···µnν] = 0 (2)
Ωn(M), as usual, denotes the module of n-forms on M . Set K0(M) = Ω0(M) and
K1(M) = Sym2(M). The cochain complex (K∗(M), dK) is defined to be
0 −→ K0(M)
∇2
−→ K1(M)
d∇−→ K2(M)
d∇−→ K3(M)
d∇−→ · · ·
The cohomology of the complex is
H∗K(M) =
ker dK
im dK
which naturally inherits a grading from K∗(M).
Theorem 1
HqK(ℜ
n) =
 ℜ
n+1 if q = 0
0 otherwise
Proof:
We work in coordinates of ℜn for which covariant differentiation with respect to ∇
coincides with partial differentiation.
Let q = 0. f ∈ K0(ℜn) is a cocycle iff ∂µ∂νf = 0 for all µ and ν. In this case, f has
the form f = aµx
µ + b for some real constants aµ and b. Therefore H
0
K(ℜ
n) = ℜn+1.
Suppose q = 1. Let T = Tµν ∈ K
1(ℜn) be a cocycle. Then ∂µTνλ = ∂νTµλ. By the
Poincare´ Lemma, there exist functions fµ defined on ℜ
n such that Tµν = ∂µfν . Since
T is symmetric, ∂µfν = ∂νfµ. Thus there exists f ∈ K
0(ℜn) such that fµ = ∂µf , by
the Poincare´ Lemma again. Therefore Tµν = ∂µ∂νf and so T = dKf . This shows
that H1K(ℜ
n) = 0.
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Now consider q > 1 and suppose T = Tµ1···µqν ∈ K
q(ℜn) is a cocycle:
∂[µ1Tµ2···µq+1]ν = 0
By the Poincare´ Lemma, there exist (q − 1)-forms Aν = Aµ1···µq−1ν , skew-symmetric
in the µ indices, such that Tµ1···µqν = ∂[µ1Aµ2···µq ]ν . However, A = Aν = Aµ1···µq−1ν is
not necessarily an element of Kq−1(ℜn) since the condition
s(A) = A[µ1···µq−1ν] = 0
is not guaranteed. In order to remedy this we make use of the freedom available in
the choice of A. Observe that
ds(A) = s(∇A) = s(d∇A) = s(T ) = 0
Therefore, s(A) = dB for some (q−1)-form B, by applying the Poincare´ Lemma once
more. Define A′ = A− d∇B. Then
s(A′) = s(A)− s(d∇B) = s(A)− dB = 0
Furthermore,
dKA
′ = d∇(A)− d∇(d∇B) = T − d
2
∇B = T
Therefore A′ ∈ Kq−1(ℜn) is a preimage of T under dK and so H
q
K(ℜ
n) = 0.
✷
Next, we seek to relate the K∗(M) cohomology to the more familiar Cˇech coho-
mology. Let Aff denote the sheaf on M whose sections over an open subset U ⊆ M
is the kernel of the map ∇2 : Ω0(U) −→ Sym2(U). That is, Aff is the sheaf of local
affine functions. Kq shall denote the sheaf whose sections over U is Kq(U) = Kq(U).
Theorem 2 HnK(M)
∼= Hn(M,Aff), for all n ≥ 0.
Proof:
The demonstration is similar to the spectral sequence argument used to prove the
Cˇech-de Rham isomorphism.
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Let U = {Ui : i ∈ I} be a good cover of M . Consider the double complex
F = ⊕F p,q, where
F p,q = Cp(U ,Kq) =
∏
α0<α1<···<αp
Kq(Uα0α1···αp)
and
Uα0α1···αp = Uα0 ∩ Uα1 ∩ · · · ∩ Uαp
F is equipped with two differential operators, dK : F
p,q −→ F p,q+1 and δ : F p,q −→
F p+1,q, the Cˇech coboundary operator defined by
(δω)α0α1···αp+1 =
p+1∑
i=0
(−1)iω
α0···α̂i···αp+1|Uα0α1···αp+1
for ω ∈ F p,q. Since the Kq are fine sheaves, the E ′1 term of the second spectral
sequence is
E ′p,q1 = H
p,q
δ =
 K
q(M) if p = 0
0 otherwise
The E ′2 term is
E ′p,q2 = H
p,q
dK
Hδ =
 H
q
K(M) if p = 0
0 otherwise
Since E ′p,q2 = E
′p,q
∞ ,
HnK(M)
∼= HnD(F ) (3)
where the right hand side is the cohomology of the double complex.
By the previous theorem, the first spectral sequence has E1 term
Ep,q1 = H
p,q
dK
=
 C
p(U ,Aff ) if q = 0
0 otherwise
The E2 term is
Ep,q2 = H
p,q
δ HdK =
 H
p(U ,Aff ) if q = 0
0 otherwise
Ep,q2 = E
p,q
∞ and so,
Hn(U ,Aff ) ∼= H nD (F ) (4)
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From the isomorphisms (3) and (4),
HnK(M)
∼= Hn(U ,Aff )
Taking the direct limit of Hn(U ,Aff ) yields the desired result.
✷
3 Cohomology of the G∗(M) complex
A second cochain complex (G∗(M), dG) isomorphic to (K
∗(M), dK) is introduced,
with which we may give a cohomological description of certain spacetimes.
Let τ ∈ Sn+1 be the cyclic permutation (1 2 3 · · · n+1). The ith power τ
i of τ is
the cycle given by τ i(k) = k+imod n+1, where the remainders upon division by n+1
are {1, ..., n+ 1}. For instance, τ 2(1) = 3, τ 2(2) = 4, ..., τ 2(n− 1) = n + 1, τ 2(n) = 1
and τ 2(n+ 1) = 2.
For n ≥ 2, define the Ω0(M)-module Gn(M) to be the submodule of
Ωn−1(M)⊗Ω0(M) Sym
2(M)
consisting of tensor fields Sµ1···µn+1 satisfying the condition
n∑
i=0
(−1)inSµ
τi(1)
···µ
τi(n+1)
= 0
Explicitly,
Sµ1···µn+1 + (−1)
nSµ2···µn+1µ1 + Sµ3···µn+1µ1µ2 + (−1)
nSµ4···µn+1µ1µ2µ3 +
Sµ5···µn+1µ1µ2µ3µ4 + · · ·+ (−1)
nSµn+1µ1···µn = 0 (5)
Define φn : Kn(M) −→ Gn(M) by
φn(T )µ1···µn−1νλ = Tµ1···µn−1(νλ) =
1
2
(Tµ1···µn−1νλ + Tµ1···µn−1λν)
for T = Tµ1···µn−1νλ ∈ K
n(M). Let ψn : Gn(M) −→ Kn(M) be defined by
ψn(S)µ1···µnν =
2n
n + 1
S[µ1···µn]ν
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for S = Sµ1···µnν ∈ G
n(M). Set G0(M) = K0(M) = Ω0(M), G1(M) = K1(M) =
Sym2(M) and define φn : Kn(M) −→ Gn(M) and ψn : Gn(M) −→ Kn(M) to be the
identity for n = 0, 1. Henceforth, we will drop the superscript ”n” for these mappings.
In what follows, it shall be shown that φ and ψ are inverse to each other.
Proposition 3 ψ ◦ φ = IdK∗
Proof:
Let T = Tµ1···µn+1 ∈ K
n(M), for n ≥ 2. Denote S = φ(T ) ∈ Gn(M). Then
ψ ◦ φ(T )µ1···µn+1
= ψ(S)µ1···µn+1
=
2n
n+ 1
S[µ1···µn]µn+1
=
2n
n+ 1
1
n!
∑
σ∈Sn
sg(σ)Sµσ(1)···µσ(n)µn+1
=
2n
n+ 1
1
n!
∑
σ∈Sn
sg(σ)
1
2
(
Tµσ(1)···µσ(n)µn+1 + Tµσ(1)···µσ(n−1)µn+1µσ(n)
)
=
n
n+ 1
1
n!
(
n!Tµ1···µn+1 +
1
n
P
)
where
P =
n∑
i=1
(−1)n−i
∑
σ∈Sn
sg(σ)Tµσ(1)···µσ(i−1)µn+1µσ(i)···µσ(n)
= −
∑
τ∈Sn+1
sg(τ)Tµτ(1)···µτ(n+1) +
∑
σ∈Sn
sg(σ)Tµσ(1)···µσ(n)µn+1
The last equality follows from the fact that if
(τ(1), ..., τ(n + 1)) = (σ(1), ..., σ(i− 1), n+ 1, σ(i), ..., σ(n))
for τ ∈ Sn+1 and σ ∈ Sn then sg(τ) = (−1)
n−i+1sg(σ) = −(−1)n−isg(σ). Hence
P = −(n + 1)!T[µ1···µn+1] + n!Tµ1···µn+1
= n!Tµ1···µn+1
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by property (2) for elements T ∈ Kn(M). Substituting this into the expression for
ψ ◦ φ(T ) obtained above gives
ψ ◦ φ(T )µ1···µn+1 =
n
n+ 1
1
n!
(
n!Tµ1···µn+1 +
1
n
n!Tµ1···µn+1
)
= Tµ1···µn+1
✷
Lemma 4 Let S = Sµ1···µnνλ ∈ G
n+1(M), for n ≥ 1. Then
Sµ1···µnνλ =
n + 1
n + 2
(
S[µ1···µnν]λ + S[µ1···µnλ]ν
)
Proof:
For notational simplicity we suppress the µs and write S = S1···nνλ. Let τ ∈ Sn be
the cyclic permutation (1 2 3 · · · n). Then
2nS1···nνλ =
n−1∑
i=0
(−1)i(n+1)
(
Sτ i(1)···τ i(n)νλ + Sτ i(1)···τ i(n)λν
)
Property (5) for elements of Gn+1 takes the form
Sτ i(1)···τ i(n)νλ = (−1)
nSτ i(2)···τ i(n)νλτ i(1) − Sτ i(3)···τ i(n)νλτ i(1)τ i(2) +
(−1)nSτ i(4)···τ i(n)νλτ i(1)τ i(2)τ i(3) − · · ·+ (−1)
nSλτ i(1)···τ i(n)ν (6)
Similarly, with the indices ν and λ switched,
Sτ i(1)···τ i(n)λν = (−1)
nSτ i(2)···τ i(n)λντ i(1) − Sτ i(3)···τ i(n)λντ i(1)τ i(2) +
(−1)nSτ i(4)···τ i(n)λντ i(1)τ i(2)τ i(3) − · · ·+ (−1)
nSντ i(1)···τ i(n)λ (7)
In the sum Sτ i(1)···τ i(n)νλ+Sτ i(1)···τ i(n)λν all the middle terms on the right hand side of
(6) and (7) cancel leaving only the end terms. Thus
2n(−1)nS1···nνλ
=
n−1∑
i=0
(−1)i(n+1)
(
Sντ i(1)···τ i(n)λ + Sτ i(2)···τ i(n)νλτ i(1)
)
+ (ν ↔ λ)
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=
n−1∑
i=0
(−1)i(n+1)
(
Sντ i(1)···τ i(n)λ + (−1)
n+1Sντ i(2)···τ i(n)τ i(1)λ
)
+ (ν ↔ λ)
=
n−1∑
i=0
(−1)i(n+1)Sντ i(1)···τ i(n)λ +
n−1∑
i=0
(−1)(i+1)(n+1)Sντ i(2)···τ i(n)τ i(1)λ + (ν ↔ λ)
= 2
n−1∑
i=0
(−1)i(n+1)Sντ i(1)···τ i(n)λ + (ν ↔ λ)
Dividing by 2 and then adding 2(−1)nS1···nνλ to both sides gives
(n+ 2)(−1)nS1···nνλ
= (−1)nS1···nνλ +
n−1∑
i=0
(−1)i(n+1)Sντ i(1)···τ i(n)λ + (ν ↔ λ)
= Sν1···nλ + (−1)
nS1···nνλ + (−1)
n+1Sν2···n1λ + Sν3···n12λ +
(−1)n+1Sν4···n123λ + · · ·+ (−1)
n+1Sνn12···n−1λ + (ν ↔ λ)
= Sν1···nλ + (−1)
nS1···nνλ + S2···nν1λ + (−1)
nS3···nν12λ +
S4···nν123λ + · · ·+ (−1)
nSnν12···n−1λ + (ν ↔ λ)
Consider the identity
S[1···nν]λ
=
1
n + 1
(
S[1···n]νλ + (−1)
nS[2···nν]1λ + · · ·+ (−1)
nS[ν1···n−1]nλ
)
=
1
n + 1
(S1···nνλ + (−1)
nS2···nν1λ + · · ·+ Snν12···n−1λ + (−1)
nSν1···nλ)
=
(−1)n
n + 1
(Sν1···nλ + (−1)
nS1···nνλ + S2···nν1λ + · · ·+ (−1)
nSnν12···n−1λ)
Substitute this into the above expression for (n + 2)(−1)nS1···nνλ to obtain
S1···nνλ =
n + 1
n + 2
(
S[1···nν]λ + S[1···nλ]ν
)
✷
Proposition 5 φ ◦ ψ = IdG∗
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Proof:
Let S = Sµ1···µnνλ ∈ G
n+1(M), for n ≥ 1. Then
φ ◦ ψ(S)µ1···µnνλ =
1
2
(ψ(S)µ1···µnνλ + ψ(S)µ1···µnλν)
=
n+ 1
n+ 2
(
S[µ1···µnν]λ + S[µ1···µnλ]ν
)
= Sµ1···µnνλ
where the last equality follows from the lemma.
✷
Corollary 6 φ and ψ are inverse maps and Kn(M) is canonically isomorphic to
Gn(M) for all n.
We define dG : G
∗(M) −→ G∗(M) by
dG = φ ◦ dK ◦ ψ
Equivalently, dG is the unique map that makes the following diagram commutative
· · · ✲ Kn(M) ✲ Kn+1(M) ✲ · · ·
· · · ✲ Gn(M) ✲ Gn+1(M) ✲ · · ·
❄
✻
❄
✻
dK
dG
dK
dG
dK
dG
ψ φ ψ φ
In particular, if S = Sµν ∈ G
1(M) then
(dGS)µνλ =
1
2
∇µSνλ −
1
4
(∇νSµλ +∇λSµν)
(K∗(M), dK) and (G
∗(M), dG) are naturally isomorphic cochain complexes with
inverse cochain maps φ and ψ. A trivial consequence is
Theorem 7 H∗G(M)
∼= H∗K(M)
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4 MP Spacetimes
We now show that the symmetric-free part of the Levi-Civita connection of MP space-
times and the Schwarzschild solution may be represented by means of a gravitational
potential in the (G∗(M), dG) complex. As mentioned in the introduction, since the
Levi-Civita connection is not a tensor this procedure is coordinate dependent and has
the effect of selecting, within the full diffeomorphism group, those coordinate systems
for which a gravitational potential exists, if in fact it does. The gravitational field is
then viewed as a field propagating on a flat background structure defined by such a
preferred coordinate system.
The MP spacetimes are a class of analytic solutions to the field equations of general
relativity in an electromagnetic field given by
ds2 = H−2dt2 −H2d~x2,
Aµ = δµtα(H
−1 − 1)
where ~x = (x1, x2, x3), α = ±2 and H = H(~x) is harmonic in the ~x variables. For a
charge q, α = −2sign(q) andH = 1+GNM
|~x|
this gives the Extreme Reissner-Nordstro¨m
black hole.
The Schwarzschild solution may also be expressed in isotropic coordinates as
ds2 =
(
1 +
ω/4
ρ
)2 (
1−
ω/4
ρ
)−2
dt2 −
(
1−
ω/4
ρ
)4
d~x2
where
r = |~x| =
(
ρ− ω
4
)2
ρ
More generally, consider any metric in isotropic coordinates of the form
ds2 = f(H)dt2 − g(H)d~x2
with Levi-Civita connection Γµνλ, where f and g are arbitrary smooth functions of a
single variable and H = H(~x). We associate to the coordinates a metric
η = diag(+1,−1,−1,−1)
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with which indices are raised and lowered. Define the symmetric-free part Fµνλ of
Γµνλ = ηµτΓ
τ
νλ by
Fµνλ = Γµνλ − Γ(µνλ)
where
Γ(µ1µ2µ3) =
1
3!
∑
σ∈S3
Γµσ(1)µσ(2)µσ(3)
Then F(µνλ) = 0 and since Fµνλ is symmetric in the ν, λ indices,
Fµνλ + Fνλµ + Fλµν = 0
This is property (5) and so F = Fµνλ ∈ G
2(M).
The non-zero Christoffel symbols for ds2 = f(H)dt2 − g(H)d~x2 are
Γtjt = Γttj =
1
2
∂jlogf(H) 1 ≤ j ≤ 3
Γjtt = −(∂jf(H))/2g 1 ≤ j ≤ 3
Γkjk = Γkkj = −
1
2
∂jlogg(H) 1 ≤ j, k ≤ 3
Γjkk =
1
2
∂jlogg(H) 1 ≤ j 6= k ≤ 3
Here we have denoted xj and xk simply by j and k, respectively.
Let u be a solution to
u′ = −
2f ′
3f
−
2f ′
3g
and set
v =
4
3
logg
The symmetric-free part Fµνλ of Γµνλ is
Ftjt = Fttj = −
1
4
∂ju(H) 1 ≤ j ≤ 3
Fjtt =
1
2
∂ju(H) 1 ≤ j ≤ 3
Fkjk = Fkkj = −
1
4
∂jv(H) 1 ≤ j 6= k ≤ 3
Fjkk =
1
2
∂jv(H) 1 ≤ j 6= k ≤ 3
and all other terms equal to zero. Let A = Aµν ∈ G
1(M) be defined by
A = u(H)dt2 + v(H)d~x2
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It is straightforward to verify that
F = dGA
That is, F is the coboundary of the gravitational potential A in the G∗(M) complex.
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